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Constructive proof is given of the single-valued solvability of the problem of flow
of aheavy fluid with free surface in a channel with a curvilinear floor at fairly high
Froude numbers and certain restrictions imposed on the floor shape, Nonconstruc-
tive proofs of the existence of solution with other restrictions on the floor shape
were previously obtained in [1— 3]. The proof of solvability in the case when
the Froude number is reasonably close to but greater than unity appears in [4].

1, The stabilized flow of a perfect incompressible ponderable fluid bounded from
above by free surface L and by a curvilinear floor § with horizontal asymptotes is
considered in the plane z = x + iy (Fig. 1). The coordinate origin is located on S

with the y-axis directed vertically upward, At infinity
y upstream (to the left) the fluid flow is uniform and is de-

L fined by velocity V, and depth H of the stream.
Z

Yy —

K - Let ! be the curvilinear abscissa of a point on § mea-
HW’M sured from the coordinate origin in the direction of flow,
l k
4

7 S and f be the angle between the tangent to § in the di-
rection of flow and the x-axis. We specify the shape of
curve S by the equation

B=F(), t=1l/H (—oc<to0)

We assume function F (£) to be twice differentiable
and to satisfy for — oo <C f <C 00 the conditions

|FO[<Boe™,  [F @) < Bt (1.2
|F' ()] <By |F()I<Bylt|™

A2

[i]

a3
Fig. 1

where By, B;, B,, By, b, and b, are some positive constants.

Let the band K = {0 << m << @ / 2}, conformally represent the flow region in the
plane of the auxiliary variable { = § - in , with the straight lines M =5 /2 and
n = 0 corresponding, respectively, to the free surface and to the solid boundary, and
point { = U to the coordinate origin of plane z . The complex flow potential w is

defined by formula _
w =2V Hn{ (1.3)
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We introduce in the analysis the Joukowski function
d . Vv
f(g)_—_ln(Vo d;)=r+19, r=ln—1—/2 (1.9

where V' is the modulus of velocity and 0 is the angle of inclination of velocity to the
z-axis, For defining the boundary values of function f ({) we use the notation

ro =Ref(§), 6, =Imf(§), 0, =db,/dE
r,=RefG+in/2), 0, =Imf(E+in /2), 7y =dr/d§
We express the condition of constant pressure at the free surface in the form

‘o g de .
riesn = 7 gz Sin 0, (1.5)
where g is the acceleration of gravity and ¢ is the velocity potential, In accordance

with (1. 3) and (1.4) we have

do _ 2VoH o 4 _2monS
= w on § and L, T p

Taking into account (1. 1) and (1. 5), we obtain for function f ({) the following nonlinear

boundary value problem: £

80/ — ,_j_Fr (t) e, f = %Ser,dg (1.6)
0

g
. - = —5
r{ = asin 0, (1 — 3a & sin 6, dg) y @ iély/"l;
o

limf@) =0, &-—ao

Function f (), which is regular in K and continuous in the closed region K, is defined
in terms of 8, and ry by formula [5]
o0

fO=% {®@ehc—0) +ri@schc~tyar @D

—00

(cschz =1/shz schz =1/chz)

Assuming the boundedness and differentiability of functions §,and ry, from (1.7) by
integrating by parts we obtain
_ 1 € [gr [t—&] EENY (1.8)
o = o 90 (Tf) Incth —5 +r (T) sch (T E,) T
= % {80 (®)sch (v — &) + 74/ (1) Incth '_‘-—gi‘-} dv
Let x (E) and A (E) be real functions determinate along the whole numerical axis.
We introduce operators Py, Py, Dy, Dy, So, Sy and K

0,

i
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T

& -1
Pyt = g asinx(r)(i—B& S sinu(&)d&) dt (L9

Pyx = asinx (E) (1 —3& § sinx(r)dr)

—0

Dyr = —:—- ®(t)sch(t —§)dr

% (t) Incth bl

1
Dy =—- 2

§
§

E
FOF (1), t= —z—ge"(” dr
n
¢

Sow=F (1), Spx=—

Ko (%, M) = — S {% (v) csch (t — ) + A () sch (v — )} dr
In accordance with (1, 6) -
ry, =P8, r =P8, 06, =S8y, 0, =S
It follows from (1. 8) that functions r, and 0, satisfy the operator equations
ro = DSiry + DoPy8,, 0, =DySyry + D P8, (1.10)
Hence, if function f () is the solution of the boundary value problem (1. 6), the equali -
ties (1. 10) are satisfied,

The converse statement is also valid. If the continuous and bounded real functions
Wo* (E) and p,* (E) are such that the limit

0

lim Ssinpl*dgzM, M| < oo (1.11)

a——

exists and the relationships
Ro* = DiSipo* + DoPopy*, w* = DoSopny* + DiPypy* (1.12)
are satisfied, then function 113
k() =Ko (Soho*, Pops*) (13
yields the solution of the boundary value problem (1.6). In fact, function h () defined

by formulas (1. 13) and (1. 9) is regular in K and continuous in the closed region X.
By comparing formulas (1. 7) and (1, 9) with allowance for (1. 8), we can conclude that

Imh (§) = Sepe*, Reh (§+ in/2) = Pyp,* (1.14)
d _
S Imh(E)=Se*, 5 Reh(&+-3-) = Pu*

Re & (B) = D1S1pe* + DoPops*
Imh (§ + in/2) =DeSopo* + D1Pymy*

and in accordance with (1. 12)
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Reh (§) =po*, Imh (E+ in/2) = p,*
Setting f ({) = k (L) ,we conclude that conditions (1. 6) are satisfied.

2. We assume that the real function % (E) specified along the whole of the numeri-
cal axis belongs to space Lg ,if it is continuous and if for a fixed § > 0 there exists

sich N> 0 that o Nem3 181 (< o0 £ <o) 2.1

We call the lowest value of /V which satisfies inequality (2. 1) the norm of function
% (&) in space L, and denote it by |%ls. Space Ly is a Banach space.
Let C be the space of real continuous and bounded functions. Introducing the Banach

s§pace
P B =CXLs={v=_(ug p): po=C, p € L}

Uvle =lwole+1nls)
and operator A defined in B by the equalities

Av = Ay X Ay (2.2)
A = DiSypo + DoPopy, A =DoSope + D\Piy

we write the system of Egs. (1. 12) in the form of the operator equation
v o= AV (2.3)

Let us investigate the properties of the introduced operators,
Lemma 1, For U <2 8 <C 1 operators D and D, transform space L, into itself,

and IDofo < 4ln(t — 8917, Dy fs <ml2(1 — oyt
If x(8)3» Lsyand 8§ <1, then

=l

iy

(2.4

—gt
lim { S e-siﬁ—riln[cth%
— R

| Dix | < dv 4

R
Srsla—rl]nlcth%ldr} P<e &—0, R R —oo)

We substitute in formula (2, 4) the series
x>
ln{cth%! = 22(2;3 1)1 e—@ntn) ] 7
n=y

for In | cth '/, 7| . Changing in the last formula, first, the order of summation and
integration and then, that of summation and passing to limit, we obtain

4 %lls XY (20 + 1) B3] ge—@n+D 1
| Dol s — GO TS

n=H

o ~813|
4%l - afjnllye
———;‘—a—e"5|312[(2n + 12— &7 1<“-T(T:<_32_)—

n=g
Q,E. D, The validity of Lemma 1 for operator D, is proved with the use of the inequal-
ity scht > 2eI*,
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Lemma 2. Operators Djand D, transform space ( into itself, and

IDyle=1, |Dyfe=m/2

The proof of this statement is elementary.
We introduce the sets C (R), Ls (T) and B (R, T)

C(R) ={pg o ECi|pole < R}

Lo(T) ={py: MmE Ly [mle < T}

B(R, T)={v= (no W) po EC(R), m&E Ly (T)}
Let v = (ng, py) € B (R, T) when 0 << § << 1. Using Lemmas 1 and 2, conditions
(1. 2), and the inequalities

t]>2nteR B, | § sin pydt | < 2767

we can show that Av & B (R, T) only if the relationships
6aT8™ <1, 2n7'be B> 6 (2.9)

48@ n aT
A= T 7= T=6aTor 1

ByeR + 2078 (1 — 6278 < R

are satisfied.
Let v' = (g, W) EB R, ), v' = (', 1") E B(R, T) and thefirst

of inequalities (2, 5) be satisfied, Then

, " 1+ 122761 , "

[P — Pap" b << ""‘_""'—_a((i _j_ 33;5-1)2) e — [l (2.6)
R ” 2 1 4120781 ’ ”

| Pabs’ — Popfo < 5 282 e — '
z " 2 ¥ 7

[ Sobto” — Soto” | < B1e?R exp ("" Tble_R ]El) o — e[
t " 2 r ”

[ Sape” — Sipo [{—ﬁ— eR (B, + Bye®®)po’ — o' |c

Under condition .7

2n b e R > §

we obtain

AV — Av' s = Ay — AV o + [ Av — A " s <
¥ (” Bo' — Ko fe -+ ll By ub)
1< max {[4B, % (1 — 89! + By + By R

[ n _g_} o (1 + 120781
2(1— 09 5 | (1 — 62760 }
Thus operator A transforms the set B (R, 7') into itself and is on that set a contraction
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operator if the inequalities (2. 5), (2.7) and

2] 2412278 2.8
[2(1—62)+ a] d—taroyr N1 @9

{4B; [« (1 — 83t - B, + | (2.9
are satisfied.

3. Let us write the first and third of inequalities (2. 5) in the form

o<1, Bty —0)rT<o (3.1)
P -1 . 24B0’1(5_1 _ o
o = 64787, Bl_‘_n(i—&)’ 71____2(1—62)

The analysis of inequalities (3. 1) shows that they are satisfied when conditions
Br v <Y, © = 0o =, (v + 3By)
are fulfilled. These conditions are equivalent to the following:

a P =1,{24B,67" [n (1 — 8Y)I + n[2 (1 — 8%))1)T
T'=Ty=06B,In(1 -8+ nd[24(1 — 8?7

Setting T' = T, we write (2, 8) as
o (1 + 200) (1 — @) <<%y, 0, =6al 3™ (8.2
%y = BT 87 {0 [2 (1 — 89)]F + 2877}

Taking into account the requirement for w, << 1 , from (3. 2) we obtain

i — [ =20 — VT 12%)[6T0 (2%, — O (o, =% 2)

1< Q=i Vi e en ‘

If the second and fourth of inequalities (2. 5) and the inequalities (2. 7) and (2. 9) are

to be satisfied, it is necessary to impose certain restrictions on the constants that define
function F (f). We assume that

B, < (e — 1) € (3.3)
min {%(1 — eBy)In [_mlfléz—) + B, + Bg]" — B, (3.4)

— (1 —eBy) In (2b; / 81) — By (k = 0,1)} =Cy, >0
Setting T' = T, we write (2. 5) in the form
BB +D R, D =2aT,6 (1 — 6aTed ) (3.5)
Taking into consideration (3, 3) it is possible to show that the inequality is satisfied when
Del, R =p(a) =(By+ D) (1 —eBy™* (3.6)

In accordance with (3. 4) the second of inequalities (2, 5) and the inequalities (2, 7) and
(2. 9) are satisfied for B = p (o) if
D < Cy (3.7

Conditions (3. 6) and (3. 7) are equivalent to the following:
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a << U =08C [2T, (1 + 3C)HI™t, €, = min (C,, €7)

Thus, when constants By, By, Bs, by and b, satisfy relationships (3. 3) and (3. 4), then
with T = T, R =p (@) and a < o, = min (P, Q, U) the inequalities (2, 5) and
(2.7)— (2. 9) are fulfilled.

The following theorem is formulated with the use of the principle of compressed map-
ping.

Theorem 1. If conditions (1.2),(3.3),(3.4) and 0 << § << 1, then for o =
o << a, there exists in space B’ = B (p (o), T,) the solution v* = (1o*, ™)
of Eq. (2. 3) which is unique in the space B” = B (p (a,), T,) (B’ C B"). That so-
lution can be found as the limit of sequence

VM = Ay (n=1,2,...) (3.8)

for any initial approximation v(® & B’. The estimate of the n-th approximation error

is given by formula

[v* = 0 < 2 0 — 40 .9

v1 = max {[4B, (n (1 — 8%)™ + B, 4 Bjless@

n 2 oy (4 4+ 120, T46-Y)
e + 2 6, Tob 1 }

4, Let v¥ = (uo*, p*) be the solution of Eq, (2.3) and v*¥ & B, Then, as shown
above, function f (L) which yields the solution of the boundary valué problem (1. 6) is

defined by formul o Poly;
efine Yy iormula f(c) — KO (Sopao’ Pop‘l)

To=Wo*, Oy =¥, 0= Solo*, 71=Pour* (4. 1)
Let VOB, vit—D = (py~Vand p,(*D), (n = 4,2,...). We introduce the notation

with

™ @) = Ko (S, Popy =) (n=1,2,...) (4.2
Mo = Im f™ (), A,™ = Re /™ (& + in/2)

Function f(m} ({) is regular in K and continuous in K. In accordance with (1. 13) and

(1.14)
A™ = Sopo™D, A = P (1) (4.3)

Re /™ (8) = D1S1pt™=1 + Do Popy =D
Im /™ (€ + irt/ 2) = DySopo™=D + Dy Pypym—)

Taking into consideration (2. 2) and (3. 8) we obtain
Re /) (§) = o™,  Im /0 (E + in/2) = py®
Allowing for (4. 1) and (4.3) we have

max | f(§) — /™ )| < max {[ro — po™[c + 8 — M™ e, |y =
— M e + 8, — ™ e} < max { [ po* — po™ o +

[ St — Sare™D]s

[ Popr* — Popta™ o 4 [ a* — pa™ [}

When the conditions of Theorem 1 are satisfied with allowance for the inequalities(2.6)
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and (3. 9), we obtain

n
max | £ (L) — /™ ()] <T?Lﬂ"(‘” — AV (4.9
ek —T1
We denote by M (R, T) the class of functions f ({) that are regular in K and conti-
nuous in X , and such that

|Ref (§)| <R, [Imf(E+in/2|<T

Using the obtained results it is possible to formulate the following basic theorem,
Theorem 2. When conditions (1.2),(3.3),(3.4) and 0 << § << 1 are satisfied,
then for @ = a; << @, there exists in the class M (p (), T,) a solution of the boun-
dary value problem (1, 6) which in class M (p (ey), T,) is unique. That solution can
be obtained as the limit of sequence (4. 2) for any v(® & B’. The estimate of the n-th

approximation error is given by formula (4. 4).

If the Joukowski function f ({) is known, function z ({) which maps band K on the
region of flow is determined by formula
2H
() ==

geﬂt)dc (4.5)
0

By analyzing successive approximations it is possible to prove by mathematical induc-
tion the following two theorems,

Theorem 3. When conditions(1,2),(3.3),(3.4), 0 << 8 <1, a =0o; << q,
and F (f) = — F (— t), then function f ({) which belongs to class M (p (a,), T,)
and yields the solution of the boundary value problem (1, 6) us such that

In other words, when the channel floor is symmetric about the y-axis, the fluid flow
that corresponds to the obtained solution is also symmetric about that axis,

Theorem 4.,When conditions (1.2),(3.3),(3.4). 0<<d <<, a2 =< &y, Ty <<m
and F () <O (F (t) > 0), then function f (Z) which belongs to class M (p (),
T,), and provides the solution of the boundary value problem (1. 6) is such that r,’ and
8, <0 (r,and 6; > 0).

In other words, when the channel floor drops {rises) in the flow direction, the free sur-
face behaves similarly, The stream depth at infinity to the right (of the y-axis) is smal~
ler (greater) than that of the stream depth H at infinity to the left (of that axis).

Conditions (1. 2), (3. 3) and (3. 4) appearing in Theorems 1 4 differ as to the restric-
tions imposed on the floor shape from those used by the authors of papers [1 — 3]}, The
flow in a channel with a monotonically dropping floor (F (t) < 0; was investigated in
[1], while papers [2, 3] dealt with the flow past an obstruction on 2 horizontal floor
(F()=0 with {¢t]> t, > 0). The three authors stipulated moreover the fulfillment
of the inequality | # (1) | < = / 2. Conditions (1. 2), (3. 3) and (3.4) do not contain any
of these restrictions.

Let us prove that | F' (£} | can exceed n / 2. Let, for example,

t

. 1dT
F(t)—c Sm’ C,(I>O

It can be readily ascertained that conditions (1. 2) are satisfied when by = 0, = a,
B, =2c/a, By =2¢c, B, =c/2 and By = c (1 + a). The lower estimate of
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max | F (t) | is 0 it ¢ b ar
maxfp(t)fzcg(1+t?)chm:>—2—g tTch at >
oo 1

_g_{_%__gje_a:dt_*__;_,ie—ardr_*__i__gie—ardt_}_“_}
3

2

f

S-ca (e — ) — In(1 — e70) — ¢7o]

The positive constants ¢, @ and § can be, evidently, chosen so that with conditions
(3.3) and (3. 4) satisfied max | F (¢)| exceeds any a priori specified number, Note
that @, —>0 when a and & —0, i.e. when max |F (f)| — oco.

§. For computation purposes it is convenient to pass in Egs. (1. 10) from variables §
and T to O and u defined by

E=1Inctgl,0, T =Inctgou, 0o, un

The functions and operators obtained by such substitution will be denoted by a dot super-
script, We have

% (E(0)) = % (0), x(r(w) =" (u

P = Pfw' = — g 2smx ) S;?nx’;(u) (1 + 3u % -—————-Sk;;:; ;G) ds )'1 du

[ -1
Pyx = Py'x’ =asinx’ () (1 + 3“& Slgi: iu) du )

sinu

g
So’K == So.%. = F(t)’ [ = — % S ex'(u) ﬂ_
/

n/2

SI'K = S{'K: = % ex (oY (t)

. s in .
Dox = Dy’ = sing g % {u) du
x 1—cosucoss

0

D= D'w = | Sl | et s | g,

n sinu Lg You — 1g 1/oG
h

Equations (1. 10) now assume the form

ro = Dy'SyTy & Dy’ Py®ys 0, —= Dy'Syro' + Dy Pyoy (5.1)
Let function »° (o) specified in the interval [0, m] be representable in the form of

a Fourier series in cosines %
K (S) == 2 By cos ks (5.2

Taking into account that k=0
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[£a}
1g Yoo -+ tg Yau f -9 Z sin n3sin nu
n

1Z o8 — tg You

n==}

and using formulas 3. 612 and 3. 613 from [6], we obtain

Dy —ZBk 1:0:‘;“ )" (5.3)
k=0
Dy =2 i { sin g‘i;n:li)s Z By, + Sin2ms sin ‘)mr' Zsz—1}
m=1

The solution of Eq. (2. 3) by the scheme (3. 8) is equivalent to the determination of
functions 7,’(0) and 6," (0) by using Egs. (5. 1) and the scheme

re "t = Dy'Syry’™, + Dy Py, 00+ = DySyre™ 4 Dy Py ® 5 gy

If the conditions of Theorem 1 are satisfied and r,"® = §,"® = (), then for any n
functions 7y’ and 8,"™ are continuous, and

ry™(m) =0, ]6,™ (s)| < M (sin6)®

where M is some constant. Assuming that functions r°y(?) and @,"() have been deter-
mined, we expand S o'r'((“)), S, Py’ 6™ and Py'0,"™ into Fourier series in co-
sines

Sory™ = Z a ™ cos ks, SyTy W = Z by cos ko

=0
Py = Z el eos ks, Pyey0N = Z itV cos ko
£=0
In accordance with (5.2) — (5.4) functions To™*V and 0,°"+1) are defined by for-

mulas
ry (WD o (n)\ 1 —sing \k
81.(n+1 Z ak(n; i CO3 G ) +

m m
sin (2m — 1) ¢ § bo™ sin 2ms bg;,_l(“)}
2 3 [sngnmpe B i) dnzen P pleil)
m=} K==0 k=1

Taking into consideration the asymptotic properties of the mapping function z ({)
when § —- — oo, the shape of the channel floor (z, (0}, ¥, {(0)) and the free surface
(4 {0}, ¥y (0)) can be determined in accordance with (4. 5) by formulas

a

Zoo 2 e o088 () (5. 5)
H ad sin u
nie
©
Moo 2t e?.(u).ﬁl_n_%_(_“)..d
i T inu
P
o
_rhx_..._z_ X erl'(u)M(u
H i3 sinu

n—¢
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@

nmo__ 2 re(uy 510 61 (u) Ve
H T T n e s W1+ g
n—¢E&
2 n—Eg 8 ()
z, . 08 By {1 . ..
— S (u) 22 Y0 A7) =
T = - gro (v S du, 9, SoTo
=/
y 2 ¢ in 6y ()
e A o(uy S0 S (#) C = PO
T = = go(u i du, ry = PJ0,
nfe

where & is a reasonably small positive quantity.

|

0.2

o=

.

25

AIITTI TS
2 ; ,M W’ z/d

TITTIITOIIITII L )
Fig. 2

The described method was used for computing the flow in a channel for
F (t) = 0.3 (ch Y, ne)~2
The flow boundaries are shown in Fig, 2 for & = ¢ (imponderable fluid) and a = 0.2.
The shape of the channel floor computed by formulas (5. 5) for these values were virtu-
ally the same as the shape determined by formulas
¢ t

%—:ScosF(t)dt, —E—:Ssini(t)dt
a 0

which indicates a fairly high accuracy of obtained here results.
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